We hypothesized that if election results are manipulated or forged, then, due to the well-known human attraction to round numbers, the frequency of reported round percentages should be increased. To test this hypothesis, we analyzed raw data from seven federal elections held in the Russian Federation during the period from 2000 to 2012 and found that in all elections since 2004 the number of polling stations reporting turnout and/or leader's result expressed by an integer percentage (as opposed to a fractional value) was much higher than expected by pure chance. Monte Carlo simulations confirmed high statistical significance of the observed phenomenon thereby proving its man-made nature. Geographical analysis showed that this anomaly was concentrated in a specific subset of Russian regions which strongly suggests its orchestrated origin. Unlike previously suggested statistical indicators of alleged electoral falsifications, our observations could hardly be explained differently but by a widespread election fraud, with high integer percentages serving as explicit goals for polling station performance.
1. Introduction. Human attraction to round numbers (such as e.g. multiples of 5 or 10) is a well-known psychological phenomenon, frequently observed e.g. in sports, examinations (Pope and Simonsohn, 2011) , stock markets (Harris, 1991; Kandel et al., 2001; Osler, 2003) , pricing (Klumpp et al., 2005) , tipping (Lynn et al., 2013) , census data (Yule, 1927) , etc. One likely interpretation is that round numbers act as reference points when people are judging possible outcomes (Pope and Simonsohn, 2011) . Recently, this phenomenon has helped catching data manipulations or forgery in cases of scientific misconduct (Simonsohn, 2013) . Here we hypothesized that a similar effect could show up in electoral data as well: if election results are manipulated or forged, then the frequency of reported round percentages should be increased. To test this hypothesis, we analyzed raw data from seven federal elections held in the Russian Federation during the period from 2000 to 2012.
Russia presents a rare case of a country where all raw electoral data are freely available for inspection, but election results are allegedly subject to forgery. Indeed, Russian federal elections after the year 2000 have often been accused of numerous falsifications, in particular on the grounds of multiple anomalies in the raw election data (Mikhailov, 2004; Mebane, 2006; Myagkov et al., 2009; Mebane and Kalinin, 2010; Klimek et al., 2012; Simpser, 2013; Ziegler, 2013; Enikolopov et al., 2013) . Convincing as these indictments are, they all have serious limitations: some are indirect (Mikhailov, 2004; Myagkov et al., 2009) or model-based (Klimek et al., 2012) , while the reported anomalies can in principle be explained by social, geographical or other confounding factors (Coleman, 2004; Churov et al., 2008; Hansford and Gomez, 2010) . Some are based on field experiments (Enikolopov et al., 2013) conducted in one single city; some rely on Benford's law (Mebane, 2006; Mebane and Kalinin, 2010) , were criticized for that (Deckert et al., 2011) , and are now deemed inconclusive (Mebane, 2013a,b; Mack and Shikano, 2013) . The position of Russian authorities has always been that the official results of all Russian elections are genuine 1 .
Here we focus on another statistical anomaly: elevated frequency of round percentages in the election results. Anomalously high incidence of multipleof-five percentages in some Russian federal elections has been observed before by one of us (as reported in Buzin and Lubarev, 2008, p 201) , used in our preliminary work (Kobak et al., 2012) , and also described by Kalinin, 2009, 2014; Kalinin and Mebane, 2010; Mebane, 2013b ). Here we demonstrate that it is only a part of a more general phenomenon: anomalously high incidence of high integer percentages. We used Monte Carlo simulations to confirm statistical significance of this anomaly and measure its size. We argue that it presents an incontrovertible evidence of election fraud that was absent in 2000 and 2003 federal elections, appeared in 2004 and has remained ever since.
For each of ∼95 000 polling stations in Russia the following data are available for each elections: the number V of registered voters, the number G of given ballots, the number B of cast ballots, and the number L of ballots cast for the leader (see Methods). We used the following two values to characterize election outcome at each polling station: turnout and leader's result, which are defined as G/V · 100% and L/B · 100%, respectively. Neither of the two values enters the official paper protocol from the polling station or has any legal significance, as only the countrywide result L/ B · 100% matters for the election outcome. Nevertheless, we will demonstrate that election authorities seem to pay much more attention to these "hidden" variables than one would expect based on their informal status.
Results.
To avoid any a priori assumptions about what constitutes a "round" percentage (multiple of 10? multiple of 5? any even number?), we chose to look at all integer percentages. As it is often impossible to achieve an exactly integer percentage at a given polling station because voter and ballot counts are integer (e.g. on a polling station with 974 registered voters the closest possible value to 70% turnout is 70.02% with 682 people participating in the elections), we counted as integer all percentage values deviating from an integer by at most 0.05 percentage points. With characteristic number of ballots per station being ∼1000, such precision could almost always be achieved.
For each year we counted the number of polling stations where either turnout or leader's result were given by an integer percentage ( Figure 1A , dots); we will call those "integer polling stations". We also used Monte Carlo simulation to generate 10 000 surrogate electoral outcomes mimicking actual outcomes as close as possible (see Methods), and computed the number of integer polling stations for each of them. Monte Carlo simulations assumed that numbers reported by each polling station represented true voters' intentions, and, on each iteration, generated the number G MC of surrogate given ballots as a binomial random variable with N = V and p = G/V , and number L MC of surrogate ballots cast for the leader as a binomial random variable with N = B and p = L/B (see Methods for details). As a result, for each year we obtained a distribution of the amount of integer polling stations that could have arisen purely by chance, under the null hypothesis of no manipulations ( Figure 1A , box plots). Figure 1A shows that in 2000 and 2003 the empirical number of integer polling stations (computed from the actual electoral data) falls well within the 99% percentile interval of the Monte Carlo values. However, starting from 2004, the empirical number by far exceeds all 10 000 Monte Carlo values, meaning that the observed number of integer polling stations could not possibly have occurred by chance. Therefore, the null hypothesis of no manipulations of the electoral results can be rejected with p < 0.0001 (see Figure A1 for various controls). Figure 1B of polling stations, we selected all polling stations exhibiting a particular turnout or leader's result and plotted the total number of registered voters on these polling stations. The same histograms were computed for the surrogate data obtained with Monte Carlo simulations, and distributions of these surrogate histograms (99% percentile intervals) are shown on Figure 2 as gray shaded areas. Note that the Monte Carlo histograms follow the empirical ones very closely, demonstrating self-consistency of the Monte Carlo procedure.
Starting from 2004, all empirical histograms exhibit pronounced sharp peaks at all integer percentage values of turnout and/or leader's result above ∼70%. At multiples-of-five (75%, 80%, 85%, etc.) percentage values that are arguably more appealing, the peaks are particularly high (Buzin and Lubarev, 2008; Mebane and Kalinin, 2009 ). Nevertheless, smaller but denser peaks are also apparent at integer percentage values above ∼80% (e.g. at 91%, 92%, 93%, etc.). These peaks often reach well outside of the shaded Monte Carlo area, and for many of them their individual p-values are less than 0.0001. Fourier analysis confirms that the peaks are strictly equidistant with a period of 1% ( Figures A2-A3 ).
The integer peaks appear at the same positions in all years since 2004, demonstrating that the same integer numbers remain to be particularly ap- pealing. Due to this fact, averaging the histograms over the years increases signal-to-noise ratio ( Figure 3 ) allowing us to study the fine structure of the peaks. As can be seen in the insets of Figure 3 , the peaks are asymmetric: sharp raising left flank is followed by a relaxed right tail (see also Figure A4 ). This behavior is consistent with our interpretation: polling station officials seem to be motivated to report a turnout or result which is "just above" an appealing integer value, rather than "just below" it. Geographically, polling stations contributing to the integer anomaly are not evenly distributed across Russia, but tend to cluster in certain regions. To show this, we computed the turnout and leader's result histograms for each of the 7 elections in each of the 83 Russian regions separately (Figure A5) and ranked the regions by the magnitude of the most conspicuous integer peak across years (Table A1 ). We found that the vast majority of the integer peaks originated from 15 regions, with the city of Moscow and the Moscow Region among them. If these 15 regions (comprising ∼33 mln voters, ∼30% of the national total) are excluded from the analysis, the integer peaks in both turnout and leader's result histograms become negligibly small (Figure 3 , red lines). Geographical clustering of integer polling stations strongly suggests that there existed tacit inducement, encouragement or even coordinating directives from the higher electoral commissions at the region level towards the individual polling stations (note that each region in Russia has its own electoral commission).
3. Discussion. In a recent study (Klimek et al., 2012) , two features of post-2004 Russian elections have been suggested as potential falsification fingerprints: suspiciously high correlation between turnout and leader's result, and suspiciously high amount of polling stations with both turnout and leader's result close to 100%. When the 15 aforementioned regions are excluded from the analysis, both features substantially weaken or disappear entirely ( Figure A6 ). The fact that the regions with the highest level of integer outcome anomaly are almost exactly those exhibiting other suspicious features, provides justification to the previous forensic methods (Mikhailov, 2004; Myagkov et al., 2009; Klimek et al., 2012; Simpser, 2013) and lends additional support to the current interpretation.
It has been proposed before (Beber and Scacco, 2012 ) that a higher than expected number of polling stations reporting round (i.e. ending in 0) counts of registered voters, cast ballots, etc., should be taken as an evidence of fraud. However, one can argue that such round counts can occur due to "innocent" (but still illegal) rounding in the exhausting manual ballot counting and do not necessarily imply a malicious fraud. Crucially, this is not the case for the anomaly reported here because the official precinct paper protocols in Russia contain only ballot counts, and do not contain either turnout or leader's result in percent. However, the performance of a ballot station is likely to be judged by higher authorities by the shown percentages, prompting to fiddle with the ballot counts until appealing percentages are obtained. Notably, in most cases this requires non-round ballot counts. We have checked consistency of this argument by excluding all polling stations with round counts; this virtually does not influence the anomalous number of round percentages ( Figure A1) .
One of the limitations of the forensic method presented here is that it does not provide a way to estimate the overall impact of falsifications: not all ballots at dishonest polling stations are necessarily fraudulent, and not all dishonest polling stations report integer percentages. Nonetheless, agreement of our findings with the previous studies (Klimek et al., 2012) at the level of regions makes us believe that falsifications took place at many more polling stations than shown in Figure 1B , and the tip-of-the-iceberg excess of integer percentages is merely a by-product unforeseen by the forgers. The real significance of the fraud indicator described herein is in its indisputable character.
Materials and Methods.
4.1. Background. Our analysis involves seven Russian federal elections: four presidential (2000, 2004, 2008, and 2012) and three legislative ones (2003, 2007, 2011) . In each of these elections, the winner was either Vladimir Putin (2000, 2004, 2012) or his protg Dmitry Medvedev (2008), or the progovernment party United Russia (2003, 2007, 2011) . We always refer to the winner candidate or party as "leader".
The legislative elections in 2007 and 2011 were conducted under a nationwide proportional system. The 2003 legislative elections were mixed, with half of the deputies elected in a nationwide proportional election and another half in majoritarian districts; here we consider only the proportional part. The presidential elections are proportional, and in all elections under consideration the winner was determined in the first round, although the second round was legislatively allowed.
The total number of registered voters in Russia in 2000-2012 was about 108 million (107.2 to 109.8 million for different elections), and the total number of polling stations varied from 95 181 to 96 612, respectively. At lower level, the polling stations are grouped into constituencies (2744 to 2755 in total) corresponding to administrative territorial division. Constituencies vary in size and may contain from a few to more than a hundred polling stations. Constituency-level electoral commissions gather voting data in the form of paper protocols from the polling stations and enter them into the nationwide computerized database ("GAS Vybory").
At higher level, in 2012 Russia was divided into 83 federal regions. The number of regions slightly decreased from 2000 to 2012, as several regions were merged. In our analysis of earlier elections we combined the regions that would later be merged officially to keep consistency with the 2012 nomenclature.
4.2. Data. The raw election data with detalization to polling stations are officially published at the website of Russian Central Election Committee (izbirkom.ru) as multiple separate HTML pages and Excel reports. For our analysis, these data were downloaded with custom software scripts to form a joint database. The accuracy of the resulting databases was verified by checking regional subtotals and comparing a number of randomly chosen polling stations with the respective information at the official website. The election databases are available from the authors upon request.
For 2003-2012 elections, detailed data are available for each and every polling station in the country. For 2000 elections, the polling station level data are missing for the Republics of Chechnya and Sakha-Yakutia, and for several constituencies in other regions; available data cover 91 333 polling stations (∼95% of total number) and 105.6 million voters (97.3% of total number).
For each polling station i the following values (among many more) are available: the number V i of registered voters, the number G i of given ballots, the number B i of cast ballots (sum of valid and invalid ballots), and the number L i of ballots cast for the leader. In some cases, B i is not equal to G i due to taken away (not cast into the box) ballots; this fraction is small, ∼0.1-0.3%. According to Russian electoral laws 2 , turnout T i at a given polling station is defined as T i = G i /V i · 100% and leader's result R i as R i = L i /B i · 100%. Although de jure turnout lost its legal significance after 2006 electoral law amendments that abolished turnout thresholds, de facto it is still customarily included in high-level official reports and, as our analysis shows, remains an important reporting Figure at lower levels of the electoral system. In special cases where V i is not defined beforehand (e.g. in temporary polling stations located at the train stations or airports), V i is officially reported as equal to G i , automatically resulting in an integer-value turnout of 100%; for this reason we disregarded all polling stations with exactly 100% turnout (3-5% of all stations).
Official election results are reported at the national level only and calculated as G i / V i · 100% and L i / B i · 100% for turnout and result, respectively. Although the results at lower levels (region, constituency, polling station) do not have any legal significance, they are nevertheless available at the Central Election Committee official website down to single polling station level. This clearly indicates close attention paid by higher authorities to individual performance of polling stations.
4.3. Monte Carlo simulations. Monte Carlo simulations were based on the following null hypothesis: first, the elections outcome at each polling station represents the true average intentions of voters at that particular location, and second, each person at each polling station votes freely and independently. Accordingly, each polling station i with number of registered voters V i and observed turnout T i = G i /V i and leader's result R i = L i /B i was modeled by a set of V i voters where each voter participates in the election with probability T i , and each voter participating in the election votes for the leader with probability R i . On each Monte Carlo iteration, for each polling station i, we generated a surrogate number of given ballots G MC i as a draw from binomial distribution with n = V i and p = T i , and a surrogate number of ballots for the leader L MC i as a draw from binomial distribution with n = B i and p = R i . As a result, we obtained surrogate turnout T MC i and surrogate leader's result R MC i . Note that for large V i and B i these binomial distributions are approximately Gaussian with means at true turnout and leader's result, and standard deviations (np(1 − p)) 1/2 . This procedure was repeated 10 000 times to obtain 10 000 surrogate election results, which were then analyzed in exactly the same way as actual election results. A typical run of 10 000 Monte Carlo iterations took ∼12h on a single core of an Intel i7 3.2 GHz processor.
Binomial distribution has been successfully used to describe statistics of election results across very different countries (Borghesi et al., 2012) . However, even if the assumption that all voters vote independently is too simplistic, it is still conservative for the current purposes. For example, if voters tend to vote in clusters (corresponding e.g. to families), it would lead to higher variance of simulated outcomes at each polling station, compared with the binomial distribution (Borghesi et al., 2012) , and the integer percentages observed in the actual data would be smeared even stronger in the simulated data. To confirm this, we ran Monte Carlo simulations with various levels of clustering and found that our results and significance levels did not change (data not shown).
We have also tried using beta-binomial distribution instead of the binomial one. Indeed, observed turnout and leader's result are not exact measurements of voters' intentions, and one can estimate the conditional distribution of true voters' intentions given the observed value (this would lead to beta distribution). When these estimates are used as parameters for the binomial distribution, the compound distribution becomes beta-binomial. However, such beta-binomial distribution also has larger variance than the simple binomial one, and the argument above applies again.
4.4. Analysis. Our main statistic, reported on Figure 1 , is the number of "integer polling stations", i.e. polling stations reporting integer turnout and/or integer leader's result. Integer percentages were defined as differing by at most 0.05 percentage points from an integer value (see text). All polling stations with 100% turnout were excluded from the analysis (see above), i.e. the largest considered integer turnout was 99%. Histograms on Figure 2 used centered bins of 0.1% (e.g. value at T i = 40% corresponds to polling stations showing turnout between 39.95% and 40.04(9)%), exactly corresponding to our definition of an "integer percentage" above.
We carefully checked that the peaks shown on Figures 2-3 are not the artifacts of division of small integers (Johnston et al., 1995) . Such artifacts can be observed in the election histograms if one chooses a very small bin size and counts polling stations directly instead of weighting them by registered voter counts (as we do). This allows small polling stations to contribute strongly to the distributions, leading to the artifact peaks at fractions with small denominators (such as 1/2, 2/3, 3/4, i.e. 50%, 66%, 75%). The peaks visible on Figures 2-3 are totally different from such artifacts, because (i) they are strictly periodic, (ii) they are never observed at 50% where the artifacts would be strongest, and (iii) they do not appear in Monte Carlo simulations that involve exactly the same type of integer divisions. Figure 2A appearing with 1% intervals, while harmonics at 0.2% −1 , 0.4% −1 etc. are characteristic for periodic peaks appearing every 5%. (B) Fourier spectra of leader's result histograms from Figure 1B . Note that as the peaks become more prominent in the year-average histograms (Figure 2A-B) , the corresponding peaks in the Fourier spectrum are also boosted. (C) Fourier spectrum of the year-averaged turnout histogram from Figure 3A . (D) Fourier spectrum of the year-averaged leader's result histogram from Figure 3B . Shaded areas on all panels show 99% percentile intervals of the respective Monte Carlo spectra. The Fourier amplitude spectra were computed as absolute value of the discrete Fourier transform normalized by the sampling length (100/0.1 = 1000). Figure 3A .
The Fourier transform was computed in a sliding 15%-wide Hamming window. The horizontal axis shows the position of the centre of the window and ranges from 7.5% to 92.5%. The vertical axis shows the frequency and ranges from 0 to 5% −1 (with 5% −1 being the Nyquist frequency given our resolution of 0.1%). The spectrogram was normalized (separately for each percent-frequency value) by the average over 10000 spectrograms obtained with year-averaged Monte Carlo histograms (see Figure 3A) . Resulting values are colourcoded. (B) The same procedure was repeated for each year separately using histograms from Figure 2A , and the relative amplitude of 1% −1 harmonic (representing amplitudes of both 5% and 1% peaks) is shown for each year. The interpretation of this panel is that the periodic peaks begin to appear around high values of the turnout and result (∼70%), and the magnitude of peak harmonics steadily increases all the way up to 100%. Figure 3A ) and leader's result ( Figure 3B ) histograms, and averaged it over all 1%-long intervals around integer values (so the average was computed over 198 intervals, 99 for turnout and 99 for leader's result, from 1% to 99%). Note that the resulting shape is clearly asymmetric: the sharp raising left flank is followed by a relaxed right tail. This behavior is consistent with the interpretation that the polling station officials seem to be motivated by the higher authorities to "improve" their performance just above the appealing integer percentage. This leads to depletion of the votes right before an integer value, a peak at the exact integer value, and subsequent relaxation until the next integer value comes into play. Fig A5. (A) Amplitude of the most prominent integer peak for each year (horizontal axis) in each of the 83 regions (vertical axis). The amplitude was defined as the difference between an empirical value and a corresponding mean Monte Carlo value. The most prominent integer peak was identified as the one having maximal amplitude over all integer values between 70% and 99% in both turnout and leader's result histograms (i.e. the maximum over 29 · 2 = 58 values). There are 15 regions (see Table S1 ) exhibiting noticeable integer peaks, many of them in several elections. (B) For comparison: amplitude of the most prominent peak over all half-integer percentage values between 70.5% and 99.5%. These data show that there are much fewer peaks located at half-integer positions (apart from the one in Republic of Chechnya in 2011 located at 99.5% and corresponding to 99.5% result for Vladimir Putin at the polling stations in this region). Regions are marked with their ISO 3166-2 codes, with RU-prefix omitted. Table A1 . Top 15 regions contributing to the integer anomaly. For each region we report the height of the maximal integer peak, where maximum is taken over all years, over both turnout and leader's result, and over all integer percentage values from 70% to 99%. Peak heights are measured relative to the mean Monte Carlo value. ISO codes are given according to the ISO 3166-2 standard, with RU-prefix omitted.
